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a b s t r a c t
Almost difference families (ADFs) were introduced by Ding and Yin as an useful
generalization of almost difference sets (ADSs), and a number of infinite classes of almost
difference families had been constructed. In this note, we improve the results of the
existence of cyclic (q, 6, λ, t)-ADFs and establish three results of the existence of cyclic
(q, 7, λ, t)-ADFs.
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1. Introduction
Let G be an Abelian group of order q,F = {D1,D2, . . . ,Ds} be a family of k-subsets of G. Define the difference list∆Dj of
Dj (1 ≤ j ≤ s) to be the multi-set
{a− b : a, b ∈ Dj, a ≠ b},
in which each object may occur with a certain multiplicity. In order to distinguish the usual union of sets, we write
∑
i∈I Ti
or T1 + T2 + · · · + T|I| for the formal sum of the |I|multi-sets Ti (i ∈ I). It is identified with the usual union of setsi∈I Ti
if Ti is a set for any i ∈ I . The formal sum of the difference list ∆Dj (j = 1, 2, . . . , s) is called the difference list of F , and
is denoted by ∆F , i.e., ∆F = ∑sj=1∆Dj. We say that F is an almost difference family (ADF), or a (q, k, λ, t)-ADF, if some t
nonzero elements of G occur exactly λ times each in the difference list∆F , while the remaining v−1− t nonzero elements
of G occur exactly λ + 1 times each in ∆F . Furthermore, a (q, k, λ, t)-ADF in G is said to be cyclic if G is a cyclic group of
order q. WhenF consists of a single k-subset, say D, it is referred to as an almost difference set (ADS), or a (q, k, λ; t)-ADS in
G. In this case we simply write D forF as with difference set (DS).
Almost difference families (ADFs) introduced by Ding and Yin [10] are regarded as an useful generalization of almost
difference sets (ADSs) which have been studied extensively (see, for example, [1–3,8,9,14,16,21]). It is worth noting that the
characteristic sequences of a cyclic ADS and its shifts form a collection of binary sequences with optimal autocorrelation,
and hence they have many applications in communications and stream ciphering (see, for example, [7,12,13,17]). The
characteristic sequences of a cyclic (v, k, 0, t)-ADF also form an optical orthogonal code which have many applications
in a code division multiple access communication using a fiber optical channel (see, for example, [5,6,20]). Generally, an
ADF gives a partially balanced incomplete block design which arises in a natural way in many combinatorial and statistical
problems.
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It is not difficult to see that the necessary condition for the existence of a (q, k, λ, t)-ADF is
(λ+ 1)(q− 1) = t(mod k(k− 1)).
If t = q−1 or 0, thenF is a (q, k, λ) difference family ((q, k, λ)-DF in short) or (q, k, λ+1)-DF. As pointed out in [10], there are
infinitelymany parameters (q, k, λ, t) for which a (q, k, λ, t)-ADFmay exist, while neither a (q, k, λ)-DF nor (q, k, λ+1)-DF
can exist.
In 2008, Ding and Yin [10] presented some constructive techniques to obtain ADFs and established a number of infinite
classes of ADFs. In 2009, Wang and Wu [18] improved Theorems 3.6 and 3.8 of [10]. Recently, Wang et al. [19] further
gave the construction of cyclic (q, k, λ, t)-ADFs for k = 4, 5, 6. For detailed information on ADFs, the reader is referred to
[10,18,19]. Here we list the known results of the existence of cyclic (q, k, λ, t)-ADFs with t ≠ 0 and q− 1 (i.e., not DFs) for
q ≡ 1(mod 2e) and k = 3, 4, 5, 6, where λ = ⌊ k(k−1)2e ⌋, r = k(k−1)−2λe2 and t = (q−1)(e−r)e .
Theorem 1.1 ([10]). Let q ≡ 1(mod 4) be a prime, then there exists a cyclic (q, 3, 1, q−12 )-ADF in GF(q).
Theorem 1.2 ([18,19]). Let q ≡ 1(mod 2e) be a prime, then there exists a cyclic (q, 4, 1, (q−1)(2e−6)e )-ADF inGF(q) for e = 4, 5.
Theorem 1.3 ([18,19]). Let q ≡ 1(mod 2e) be a prime, then there exists a cyclic (q, 5, λ, (q−1)((λ+1)e−10)e )-ADF in GF(q) for
e = 3, 4, 6, 8, 9, where λ = ⌊ 10e ⌋.
Theorem 1.4 ([19]). Let q ≡ 1(mod 8) be a prime, then there exists a cyclic (q, 6, 3, (q−1)4 )-ADF in GF(q).
Theorem 1.5 ([19]). Let q = 12t + 1 be a prime, and t ≢ 0(mod 3), then there exists a cyclic (q, 6, 2, q−12 )-ADF in G.
Theorem 1.6 ([19]). Let q = 18t + 1 be a prime, and t ≢ 0(mod 3), then there exists a cyclic (q, 6, 1, q−13 )-ADF in G.
Theorem 1.7 ([19]). Let q = 24t + 1 be a prime, and t ≢ 0(mod 3), then there exists a cyclic (q, 6, 1, 3(q−1)4 )-ADF in G.
In this note, we will remove the restriction t ≢ 0(mod 3) in Theorems 1.5–1.7 to improve the results of the existence of
cyclic (q, 6, λ, t)-ADFs. Applying our construction, we also establish three results of the existence of cyclic (q, 7, λ, t)-ADFs.
2. Preliminaries
Let q = ef + 1 be a prime power, ω be a primitive element of GF(q), C e0 = {ωei : 0 ≤ i ≤ f − 1} be the unique
multiplicative subgroup of index e in GF(q). Then C ej = ωjC e0 (the multiplicative cosets), 0 ≤ j ≤ e − 1 are often known
as the cyclotomic classes of index e (with respect to GF(q)). Given a set R of e distinct elements in GF(q), if they belong to e
distinct cyclotomic classes C e0, C
e
1, . . . , C
e
e−1, then we say that R is a system of distinct representatives of the cyclotomic classes
C e = {C e0, C e1, . . . , C ee−1}, and it is denoted by SDRC(C e).
When q is prime, the proof of the following proposition can be found in [4]. The proposition can be regarded as an
application of Weil’s theorem on character sum estimates [15]. For general prime powers q, its proof is the same as that of
Theorem 3.2 in [4].
Theorem 2.1 ([4]). Let q ≡ 1(mod n) be a prime power with q − [∑s−2i=0  si  (s − i − 1)(n − 1)s−i]√q − sns−1 > 0. Then,
for any given s-tuple (j1, j2, . . . , js) ∈ {0, 1, . . . , n − 1}s and any given s-tuple (c1, c2, . . . , cs) of pairwise distinct elements of
GF(q), there exists an element x ∈ GF(q) such that x+ ci ∈ C (n)ji for each i.
The following useful result follows from Theorem 2.1.
Corollary 2.2. Let q ≡ 1(mod n) be a prime power with q ≥ A(n, s)2 where A(n, s) = [B(n, s) +B(n, s)2 + 4sns−1]/2 and
B(n, s) =∑s−2i=0  si  (s− i− 1)(n− 1)s−i. Then, for any given s-tuple (j1, j2, . . . , js) ∈ {0, 1, . . . , n− 1}s and any given s-tuple
(c1, c2, . . . , cs) of pairwise distinct elements of GF(q), there exists an element x ∈ GF(q) such that x+ ci ∈ C (n)ji for each i.
In [4], Chang et al. used Theorem 2.1 to establish certain elements in GF(q) satisfying certain properties, and utilized the
certain elements to construct some cyclic difference families. In order to obtain our results, we need also to establish some
results related to the existence of certain elements in GF(q) for use later.
Lemma 2.3. Let q = 24t + 1 be a prime. Then there exist a primitive element ω and an element x of GF(q) such that (1)
{1 − ω8t , x − ω8t , 1 − xω8t , x − xω8t} is an SDRC(C4), and 1, x, 1 − x belong to 3 distinct cyclotomic classes of C4 for
q ≠ 97; (2) {1− ω8t , x− ω8t , 1− xω8t , x− xω8t} is an SDRC(C4) for q = 97.
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Table 1
(q, ω, x) for q ≤ 2017 and q ≠ 97 in Lemma 2.3.
q ω x q ω x q ω x q ω x q ω x
73 5 27 193 5 18 241 7 111 313 10 128 337 10 59
409 21 223 433 5 206 457 13 13 577 5 473 601 7 187
673 5 146 769 11 655 937 5 94 1009 11 350 1033 5 875
1129 11 536 1153 5 103 1201 11 984 1249 7 7 1297 10 393
1321 13 92 1489 14 463 1609 7 899 1657 11 228 1753 7 335
1777 5 1496 1801 11 1178 1873 10 999 1993 5 225 2017 5 710
Table 2
(q, ω, x) for q ≤ 1117 in Lemma 2.5.
q ω x q ω x q ω x q ω x q ω x
19 2 2 37 2 4 73 5 5 109 6 37 127 3 28
163 2 10 181 2 32 199 3 44 271 6 229 307 5 11
379 2 131 397 5 5 433 5 192 487 3 3 523 2 479
541 2 2 577 5 477 613 2 209 631 3 532 739 3 3
757 2 32 811 3 708 829 2 2 883 2 32 919 7 563
937 5 5 991 6 875 1009 11 690 1063 3 81 1117 2 32
Proof. Take any primitive element ω of GF(q) and let 1− ω8t ∈ C4a . By Corollary 2.2 with n = 4, s = 4, when q ≥ 263,681
there exists an element x, such that x−ω8t ∈ C4b , x−ω16t ∈ C4c , x ∈ C4d , 1− x ∈ C4f , where {a, b, c, a+ d} forms a complete
system of residues modulo 4, and 0, d, f are 3 different residues modulo 4. Hence {1− ω8t , x− ω8t , 1− xω8t , x− xω8t} is
an SDRC(C4), and 1, x, 1− x belong to 3 distinct cyclotomic classes of C4.
When q = 24t + 1 < 263,681 and q ≠ 97, with the aid of computer, one can find a primitive element ω and an element
x of GF(q) satisfying the requirements of Lemma 2.3. Here we only list the triples (q, ω, x) in Table 1 for q ≤ 2017. For the
other values of q, the interested reader may contact the second author for a copy. For q = 97, take (ω, x) = (5, 30), it is
easily checked that the pair (ω, x)meets the requirements of Lemma 2.3. 
Lemma 2.4. Let q = 12t + 1 be a prime. Then there exist a primitive element ω and an element x of GF(q) such that {1− ω4t ,
x− xω4t}, {x− ω4t , 1− xω4t} and {1, x} are all SDRC(C2) s.
Proof. Take any primitive element ω of GF(q) and apply Corollary 2.2 with n = 2, s = 3. When q ≥ 46, there exists an
element x, such that x ∈ C21 , x − ω4t ∈ C20 , x + ω2t ∈ C21 . Hence {1 − ω4t , x − xω4t}, {x − ω4t , 1 − xω4t} and {1, x} are all
SDRC(C2).
When q < 46, we have q = 13, 37. Take (q, ω, x) = (13, 2, 2), (37, 2, 15). It is easily checked that the pairs (ω, x)meet
the requirements of Lemma 2.4. 
Lemma 2.5. Let q = 18t + 1 be a prime. Then exist a primitive element ω and an element x ∉ C30 of GF(q) such that {x− ω6t ,
1− xω6t , x− 1} is an SDRC(C3).
Proof. Take any primitive element ω of GF(q) and apply Corollary 2.2 with n = 3, s = 4. When q ≥ 18712, there exists an
element x, such that x ∈ C3a , x− ω6t ∈ C3b , 1− xω6t ∈ C3c , x− 1 ∈ C3d , where {b, c, d} forms a complete system of residues
modulo 3 and a ≠ 0. Hence {x− ω6t , 1− xω6t , x− 1} is an SDRC(C3) and x ∉ C30 .
When q < 18712, with the aid of computer, one can find a primitive element ω and an element x of GF(q) satisfying
the requirements of Lemma 2.5. Here we only list the triples (q, ω, x) in Table 2 for q ≤ 1117. For the other values of q, the
interested reader may contact the second author for a copy. 
Lemma 2.6. Let q = 18t + 1 be a prime. Then exist a primitive element ω and an element x ∈ GF(q), such that in {1, x,
1− ω6t , x− ω6t , 1− xω6t , x− xω6t , x− 1}, there are at least two elements belonging to C3j for each j = 0, 1, 2.
Proof. Take any primitive element ω of GF(q) and let 1 − ω6t ∈ C3a . We can always take four elements b, c, d, f from Z3
such that each element of Z3 occurs at least two times in {0, a, b, c, d, f , a + b}. By Corollary 2.2 with n = 3, s = 4, when
q ≥ 18712, there exists an element x in GF(q), such that x ∈ C3b , x−ω6t ∈ C3c , 1− xω6t ∈ C3d , x−1 ∈ C3f . Hence the element
x satisfies the requirements of Lemma 2.6.
When q < 18712, with the aid of computer, one can find a primitive element ω and an element x of GF(q) satisfying
the requirements of Lemma 2.6. Here we only list the triples (q, ω, x) in Table 3 for q ≤ 1117. For the other values of q, the
interested reader may contact the second author for a copy. 
Lemma 2.7. Let q = 80t + 1, t ≡ 1, 3, 7, 9(mod 10), be a prime such that in GF(q) there is an element y ∉ C50 satisfying
1 + y16t ∉ C80 , ω is a primitive element of GF(q). Then there exists an element x ∈ GF(q), such that {1 − ω16t , x − ω16t , 1 −
ω32t , x− ω32t , x− ω48t , x− ω64t , x− xω16t , x− xω32t} is an SDRC(C8).
Proof. The assertion follows from the proof of Theorem 3.16 in [11]. 
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Table 3
(q, ω, x) for q ≤ 1117 in Lemma 2.6.
q ω x q ω x q ω x q ω x q ω x
19 2 2 37 2 2 73 5 59 109 6 6 127 3 94
163 2 4 181 2 4 199 3 27 271 6 6 307 5 147
379 2 8 397 5 5 433 5 125 487 3 3 523 2 16
541 2 2 577 5 5 613 2 16 631 3 9 739 3 3
757 2 2 811 3 27 829 2 2 883 2 16 919 7 7
937 5 5 991 6 862 1009 11 11 1063 3 3 1117 2 750
3. Main results
In this section, we use the notation S · T of twomulti-sets S and T in GF(q) to denote the multi-set {st : s ∈ S, and t ∈ T }.
If T = {t}, then we can drop the braces for convenience. In this case S · T coincides with St = {st : s ∈ S}.
Theorem 3.1. Let q = 24t + 1 be a prime, then there exists a cyclic (q, 6, 1, 3(q−1)4 )-ADF in GF(q).
Proof. Take (ω, x) satisfying the requirements of Lemma 2.3 and let R = {1 − ω8t , x − ω8t , 1 − xω8t , x − xω8t}. Set
B = {1, x, ω8t , xω8t , ω16t , xω16t}, we have
∆B = {1, ω4t , ω8t , ω12t , ω16t , ω20t} · {1− ω8t , x− ω8t , 1− xω8t , x− xω8t , 1− x}.
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω4i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω4, . . . , ω4(t−1)} ·∆B = C40 · (R+ {1− x}). (3.1)
Since R is an SDRC(C4) by Lemma 2.3, so suppose 1− x ∈ C4a , from (3.1), we get
∆F = GF(q)∗ + C40 · (1− x) = GF(q)∗ + C4a . (3.2)
Therefore (3.2) shows thatF is a cyclic (q, 6, 1, 3(q−1)4 )-ADF in GF(q). 
Theorem 3.2. Let q = 24t + 1 be a prime, then there exists a cyclic (q, 7, 1, q−14 )-ADF in GF(q).
Proof. Similar to the proof of Theorem 3.1. For q ≠ 97, take (ω, x) satisfying the requirement (1) of Lemma 2.3 and let R =
{1− ω8t , x− ω8t , 1− xω8t , x− xω8t}. Set B = {0, 1, x, ω8t , xω8t , ω16t , xω16t}, we have
∆B = {1, ω4t , ω8t , ω12t , ω16t , ω20t} · {1, x, 1− ω8t , x− ω8t , 1− xω8t , x− xω8t , 1− x}.
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, Bi = ω4i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω4, . . . , ω4(t−1)} ·∆B = C40 · (R+ {1, x, 1− x}). (3.3)
Without loss of generality, suppose that x ∈ C41 and 1 − x ∈ C42 by Lemma 2.3. Note that R is an SDRC(C4) by Lemma 2.3,
from (3.3), we get
∆F = GF(q)∗ + C40 · {1, x, 1− x} = GF(q)∗ + C40 + C41 + C42 . (3.4)
Therefore (3.4) shows thatF is a cyclic (q, 7, 1, q−14 )-ADF in GF(q).
For q = 97, we construct directly a cyclic (97, 7, 1, 24)-ADFF in Z97, whereF consists of the following 4 blocks:
{0, 1, 2, 4, 7, 11, 23}, {0, 10, 22, 33, 46, 63, 82},
{0, 5, 21, 39, 47, 71, 77}, {0, 8, 17, 35, 48, 62, 77}.
This completes the proof. 
Theorem 3.3. Let q = 12t + 1 be a prime, then there exists a cyclic (q, 6, 2, q−12 )-ADF in GF(q).
Proof. Take (ω, x) satisfying the requirements of Lemma 2.4 and let R1 = {1−ω4t , x− xω4t}, R2 = {x−ω4t , 1− xω4t}. Set
B = {1, x, ω4t , xω4t , ω8t , xω8t}, we have
∆B = {1, ω2t , ω4t , ω6t , ω8t , ω10t} · {1− ω4t , x− ω4t , 1− xω4t , x− xω4t , 1− x}.
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Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω2i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω2, ω4, . . . , ω2(t−1)} ·∆B = C20 · (R1 + R2 + {1− x}). (3.5)
Let 1− x ∈ C2a . Note that both R1 and R2 are SDRC(C2)s by Lemma 2.4, from (3.5), we get
∆F = 2 · GF(q)∗ + C20 · (1− x) = 2 · GF(q)∗ + C2a . (3.6)
Therefore (3.6) shows thatF is a cyclic (q, 6, 2, q−12 )-ADF in GF(q). 
Theorem 3.4. Let q = 12t + 1 be a prime, then there exists a cyclic (q, 7, 3, q−12 )-ADF in GF(q).
Proof. Similar to the proof of Theorem 3.3, take (ω, x) satisfying the requirements of Lemma 2.4 and let R1 = {1−ω4t , x−
xω4t}, R2 = {x− ω4t , 1− xω4t}, R3 = {1, x}. Set B = {0, 1, x, ω4t , xω4t , ω8t , xω8t}, we have
∆B = {1, ω2t , ω4t , ω6t , ω8t , ω10t} · {1, x, 1− ω4t , x− ω4t , 1− xω4t , x− xω4t , 1− x}.
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω2i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω2, ω4, . . . , ω2(t−1)} ·∆B = C20 ·

3−
i=1
Ri + {1− x}

. (3.7)
Let 1− x ∈ C2a . Note that R1, R2 and R3 are all SDRC(C2)s by Lemma 2.4, from (3.7), we get
∆F = 3 · GF(q)∗ + C20 · (1− x) = 3 · GF(q)∗ + C2a . (3.8)
Therefore (3.8) shows thatF is a cyclic (q, 7, 3, q−12 )-ADF in GF(q). 
Theorem 3.5. Let q = 18t + 1 be a prime, then there exists a cyclic (q, 6, 1, q−13 )-ADF in GF(q).
Proof. Take (ω, x) satisfying the requirements of Lemma 2.5 and let R = {x − ω6t , 1 − xω6t , x − 1}. Set B = {1, x,
ω6t , xω6t , ω12t , xω12t}, we have
∆B = {1, ω3t , ω6t , ω9t , ω12t , ω15t} · {1− ω6t , x− ω6t , 1− xω6t , x− xω6t , x− 1}.
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω3i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω3, . . . , ω3(t−1)} ·∆B = C30 · (R+ {1− ω6t , x− xω6t}). (3.9)
Let 1− ω6t ∈ C3a . Since x ∉ C30 , so x− xω6t ∈ C3b and b ≠ a. Note that R is an SDRC(C3) by Lemma 2.5, from (3.9), we get
∆F = GF(q)∗ + C30 · {1− ω6t , x− xω6t} = GF(q)∗ + C3a + C3b . (3.10)
Therefore (3.10) shows thatF is a cyclic (q, 6, 1, q−13 )-ADF in GF(q). 
Theorem 3.6. Let q = 18t + 1 be a prime, then there exists a cyclic (q, 7, 2, 2(q−1)3 )-ADF in GF(q).
Proof. Similar to the proof of Theorem 3.5, take (ω, x) satisfying the requirements of Lemma 2.6 and let R = {1, x, 1 −
ω6t , x− ω6t , 1− xω6t , x− xω6t , x− 1}. Set B = {0, 1, x, ω6t , xω6t , ω12t , xω12t}, we have
∆B = {1, ω3t , ω6t , ω9t , ω12t , ω15t} · {1, x, 1− ω6t , x− ω6t , 1− xω6t , x− xω6t , x− 1}.
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω3i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω3, . . . , ω3(t−1)} ·∆B = C30 · R. (3.11)
By Lemma 2.6, without loss of generality, suppose that in R there are exactly three elements belonging to C30 , and there are
exactly two elements belonging to C3i for i = 1, 2. From (3.11), we get
∆F = 2 · GF(q)∗ + C30 . (3.12)
Therefore (3.12) shows thatF is a cyclic (q, 7, 2, 2(q−1)3 )-ADF in GF(q). 
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Theorem 3.7. Let q = 80t + 1, t ≡ 1, 3, 7, 9(mod 10), be a prime such that in GF(q) there is an element y ∉ C50 satisfying
1+ y16t ∉ C80 , then there exists a cyclic (q, 10, 1, 7(q−1)8 )-ADF in GF(q).
Proof. Let ω be a primitive element of GF(q), x ∈ GF(q) satisfy the requirements of Lemma 2.7, and let R = {1 −
ω16t , x − ω16t , 1 − ω32t , x − ω32t , x − ω48t , x − ω64t , x − xω16t , x − xω32t}. Set B = {1, x, ω16t , xω16t , ω32t , xω32t ,
ω48t , xω48t , ω64t , xω64t}, we have
∆B = C8t0 · (R+ {1− x}).
Furthermore, letF = {Bi : 0 ≤ i ≤ t − 1}, where Bi = ω8i · B, then
∆F =
t−1
i=0
∆Bi = {1, ω8, . . . , ω8(t−1)} ·∆B
= {1, ω8, . . . , ω8(t−1)} · C8t0 · (R+ {1− x})
= C80 · (R+ {1− x}). (3.13)
Let 1− x ∈ C8a . Note that R is an SDRC(C8) by Lemma 2.7, from (3.13), we get
∆F = GF(q)∗ + C80 · {1− x} = GF(q)∗ + C8a . (3.14)
Therefore (3.14) shows thatF is a cyclic (q, 10, 1, 7(q−1)8 )-ADF in GF(q). 
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